Abstract. We review, in the light of recent developments, the existing relations between gravity and topological BF theories at the classical level. We include the Plebanski action in both self-dual and non-chiral formulations, their generalizations, and the MacDowellMansouri action.
Introduction
It is an intriguing fact that general relativity can be given a polynomial action principle which relates it to topological BF theory. The fundamental variable is a connection, and the metric is a derived quantity. For BF theory alone, a Lagrange multiplier, B, enforces the curvature of the connection to be constant. This type of theories require no metric to be formulated, and posses no local degrees of freedom. The relation with general relativity is established through the extraction of metric degrees of freedom from the fundamental fields. There are mainly two ways of achieving this that have appeared in the literature, based on original work by Plebanski [77] and by MacDowell and Mansouri [66] . The two ways differ in the choice of gauge group, and in the way the metric is recovered -from either the B field or the connection. In this review, we will go through the basic aspects of these two approaches, as well as some recent developments. We restrict our attention to four spacetime dimensions. For the connection between BF theory and gravity in three dimensions, see [22, 30, 98] , and [47] in dimensions higher than four.
BF theory
Let us begin with some general aspects of BF theory [22] . We consider a principal bundle over the spacetime manifold M , with local group a Lie group G and connection ω, with curvature F (ω), and the following action,
where B is a 2-form in the adjoint representation of G and tr denotes the scalar product in the algebra. λ is a dimensionless constant. Notice that the action is well-defined without any reference to a metric structure on M . The field equations are
The action is invariant under local gauge transformations,
and under the following shift symmetry,
The total symmetry group is thus the semi-direct product of these two groups, and it is the same for all values of Λ. Overall, there are N gauge parameters in the algebra-valued scalars α i , and 4N in the algebra-valued 1-forms η i µ . The system has so much symmetry that all solutions are locally gauge equivalent, and local degrees of freedom are absent. This is most directly established in the canonical formalism.
The phase space of (1) is spanned by the 6N variables (ω i a , Π a i := and the (fully constrained) dynamics is given by the N Gauss constraints G i and 3N "Hamiltonian" constraints C a i ,
As a consequence of the Bianchi identity, D a C a i ≡ 0, thus there are only 3N independent constraints. The algebra of constraints is {C(N ), C(N )} = 0,
where
We see that they form a first class system, thus they reduce the phase space by 2×3N = 6N dimensions, leaving a zero-dimensional space of solutions. Hamiltonian systems with linearly dependent constraints are called reducible [22] .
The symmetry group also includes the action of diffeomorphisms, which manifestly leaves (1) invariant. Diffeomorphisms are expressed as special combinations of gauge and shift transformations [26, 48] . Recalling that the Lie derivative of a 1-form verifies L ξ ω = i ξ dω + d(i ξ ω), where i ξ denotes the inner product with the vector ξ, it is easily checked that
Accordingly, the canonical generators of hypersurface deformations can be expressed as linear combinations of (3). In spite of the lack of local dynamics, BF theory has many interesting applications. The subject of this review is the classical relation to general relativity, but the action has been used also in connection with Yang-Mills theory (e.g. [31] ). Concerning the quantum theory, we refer the reader to [22] for the continuum path integral quantization and its relation to the measure of flat connections and Reidemeister torsion, and to [10, 13, 25, 75, 99] for the discrete path integral and its relation to spin foam models for quantum gravity.
Self-dual Plebanski action
A way to relate BF theory to general relativity is to work with the local gauge group SU(2), seen as a chiral subgroup of the Lorentz group. The fundamental fields are (B i , ω i ), with i = 1, 2, 3 indices in the adjoint representation. Then one can write a densitized symmetric tensor as [28, 94] |g| g µν = 1 12
A theorem by Urbantke states that if the bilinear density m ij ≡ B i ∧ B j is invertible as a matrix in the ij indices, then also the Urbantke metric (4) is invertible, and furthermore B is self-dual (for det m > 0, else antiself-dual) with respect to it, that is B i µν = ±1/(2 |g|) µν ρσ B i ρσ . See e.g. [45] for a recent proof. Therefore, provided the B field is not degenerate in the above sense, we have a natural way to introduce an invertible metric as a composite object. For B real, compatible with the case of Euclidean signature, one automatically obtains a real metric with positive determinant 1 . For B complex, as required by the chiral splitting of the Lorentz group with Lorentzian signature, one obtains a complex metric with negative determinant, and additional reality conditions need to be given [28] .
To deal with this formalism, it is useful to introduce a tetrad e I for the metric (4),
and define the Plebanski 2-forms Σ i ≡ P i IJ e I ∧ e J = e 0 ∧ e i + √ σ /2 i jk e j ∧ e k , where σ = ± is the spacetime signature, = ± and P (±) a IJ are the projectors on the left-and right-handed su(2) subalgebras, according to the isomorphism so(3, σ) ∼ = su(2) ⊕ su(2), and we have fixed the time gauge in the internal indices. These forms have the property that the left-handed part (resp. right-handed) is simultaneously self-dual (resp. antiself-dual) in the spacetime indices with respect to e. The set Σ a provides an orthogonal basis for the 6-dimensional space of 2-forms. Combining this fact with Urbantke's theorem, we conclude that a generic, albeit non-degenerate, B field can be written as a linear combination of Plebanski's 2-forms. This can be conveniently parametrized as follows,
where the unimodularity of b i a can always be we assumed, as we did here, thanks to the conformal invariance of the notion of self-duality. The parametrization (6) helps to appreciate the relation between SU(2) BF theory and general relativity: it shows how the B field can equivalently be parametrized in terms of a metric g µν together with the eight components of the unimodular "internal triad" b i a , and a sign. From the "triad" b i a , one can define the unimodular "internal metric" q ab := b i a b j b δ ij , given by an SL(3)-rotated form of the identity. Comparing (4) with (5), we see that the B field plays the role of a chiral "cubic root" of the metric, with the SL(3) group formed by the b i a replacing the internal Lorentz group in (5) [90] 2 . The relation with general relativity can now be easily established: It suffices to impose the condition that b i a ∈ SO(3), or equivalently that q ab = δ ab , and the BF action (1) immediately reduces to (η times) the Einstein-Cartan action in self-dual variables, with cosmological constant Λ = −3ηλ. The required condition on b can equivalently be written as
a form known as Plebanski or metricity constraints. Using a traceless symmetric scalar ϕ ij as a Lagrange multiplier, the constraints can be included in the action,
This is Plebanski's self-dual formulation of general relativity [28, 79] , to which it is equivalent in the sector of non-degenerate B fields 3 . The role of the constraints is to freeze the scalar degrees of freedom b i a , and leave only the Urbantke metric as a dynamical field. In the case of Lorentzian signature, one takes complex B fields, and adds reality conditions on the metric [28] .
It is also instructive to see the equivalence at the level of the field equations. To that end, let us fix the solution B = ηΣ (+) (e) to the constraints (the equivalence in the other sectors is analogous to what follows). The compatibility condition d ω B = 0 is then solved by the (lefthanded part of the) spin connection ω(e), and its curvature yields the left-handed part of the Riemann tensor, F i µν (ω(e)) = P i (+) ρσ R ρσ µν (e). As such, it can be decomposed into its tracefree Weyl part, and its Ricci part, by projecting also the second pair of indices, F i µν (ω(e)) = f i a P a (+) µν +f i a P a (−) µν . The symmetric matrix f i a contains the five Weyl components plus the trace of Ricci, and the generic matrixf i a contains the nine components of the trace-free Ricci tensor. We now look at the remaining field equations,
Using the above decomposition of F and the self-duality of B, these equations are equivalent tof i a = 0, tr f i a = 3ηλ, with the remaining components of f i a free. These are precisely the Einstein's equations, namely R µν − 1 4 g µν R = 0, R = −4Λ, Weyl free, with Λ = −3ηλ. The use of self-dual variables has been a fertile ground for a number of applications in general relativity, especially in the study of exact solutions and integrability, see e.g. [40] .
Canonical analysis. The canonical analysis of the theory [28] is similar to the BF case treated earlier. The canonical variables are the same pair (ω i a , Π a i := 1 2 abc B ibc ), the system is fully constrained, and the constraints now read
The main novelty is the fact that together with the Hamiltonian, the metricity constraints S form a second class system, that is, their Poisson brackets do not vanish on the constraint surface. In this situation, one typically proceeds solving explicitly the part of the constraints which is second class, and derive a reduced action in terms of only first class constraints. Assuming that the density-weight 1 Π a i has an inverse, Π a i Π i b = δ a b , we can solve them by fixing the value of the Lagrange multiplier B i
Plugging the result back into the action, one finds
where G is the same Gauss constraint as before, H a = Π b i F i ab is the vector constraint, and
is the scalar Hamiltonian constraint. The result is the Ashtekar Hamiltonian [8] in its original complex version, with the self-dual part of the Lorentz connection as the fundamental variable.
Interestingly, the structure of the constraint algebra, and with it the number of physical degrees of freedom, is unchanged if one replaces the constant λ by a functional λ(ϕ ij ) where ϕ ij is the symmetric, trace-free spacetime scalar built from i kl F j ab Π ak Π bl . This was noticed in [19, 72] , and has recently been pointed out again in [57, 59] . We will come back to it below.
Quantization. The canonical quantization of this theory is the original program of loop quantum gravity in complex variables [8, 91] , where one looks for an Hilbert space of functionals of the Ashtekar self-dual connection. Notoriously, the main difficulty with this approach lies in the reality constraints. The reality conditions [28] are quadratic in the fields, and pose no particular problem at the classical level. However, they have so far provided a stumbling block for the quantum theory, and the program has then switched towards the use of a real connection, which is related to the non-chiral Plebanski action to be discussed below. For the Euclidean case, where reality conditions are not needed, a simplicial path integral was introduced in [79] .
Second order BF action. One remarkable fact about SU(2) BF theory is that it is always possible to explicitly and uniquely solve the compatibility condition d ω B = 0, as long as B is assumed to be non degenerate, even if the simplicity constraint is not satisfied. There exist a unique compatible connection ω(B) [20, 38, 52, 58] , given by
Here the indices are raised and lowered with the Urbantke metric, e is the determinant of its tetrad and ∇ its covariant derivative. Using this result, one can give a second order formulation of the BF action (1). This formulation becomes particularly interesting if one uses the parametrization (6) for B in terms of the Urbantke metric and the scalar fields b i a or their metric q ab . This was first proposed in [45] and in that case, the curvature of (9) includes the Riemann tensor of the metric. Therefore, one can obtain a second order formulation of SU(2) BF theory as an action for a metric and scalar fields, without any constraint needed. The result can be conveniently written using the internal unimodular metric q ab as follows [45] ,
Hereq ab is the inverse of q ab , with traceq (internal indices are still raised and lowered with the identity metric),
is the self-or antiself-dual (resp. for = ±) part of the Riemann tensor, ∇ µ is the covariant derivative with respect to the spin connection γ a b (e) = a bc P c IJ ω IJ (e), and finally the kernel of the kinetic term is given by
The form (10) shows that BF theory, which is topological, can be formulated in terms of the Riemann tensor (11) of a space-time metric, coupled to scalar fields, that form the component of a internal SL(3) metric, which posses their own dynamics. The presence of these extra terms is crucial to have the shift symmetry (2) , which is what eliminates any local degrees of freedom present a priori in the metric and the b scalars. The metricity constraint (7) then plays a double role: on the one hand, it freezes the scalars. On the other hand, it is responsible for breaking the shift symmetry, leaving the local gauge and diffeomorphisms. Imposing the metricity constraint q ab = δ ab , it is easily verified that (10) reduces to the Einstein-Hilbert Lagrangian η /2e[R(e) − 6ηλ].
This construction also gives a geometric interpretation to the scalars b. In fact, one can use the triad b to introduce a new connection acting on the internal indices, as
It is then easy to show that the new connection satisfies
That is, A is an SL(3) connection, torsion-free, but non-metric with respect to the local structure group SU (2) . In this sense, the b describe the non-metricity of the torsion-free connection A.
Modif ied theories of gravity. The discussion above pointed out the importance of breaking the shift symmetry in order to get propagation of local degrees of freedom. A generic way of doing so is to add a potential term for φ to (8) , or equivalently, a potential for B to the BF action,
The potential V (B) breaks the shift symmetry, leaving diffeomorphisms and local gauge transformations as symmetries of the action. Notice that it has to be a functional of (scalar contractions of) B i ∧ B j , so effectively V (B) = V (q, q 2 ab ). This class of actions has been introduced by Krasnov [59] , and is related to the earlier formulations [19, 27, 72] . In the light of (10), we see that the result is an action for a metric and additional scalar field, with dynamics different from general relativity and driven by the precise form of V (B).
An appealing aspect of (12) is that both BF and Plebanski's actions are special cases thereof, obtained respectively for a vanishing potential, and for a singular potential imposing (7) as a constraint. As emphasized e.g. in [58] , this fact provides a well-defined scheme where BF theory could arise as the ultra-violet fixed point of low-energy general relativity, a possibility entertained in the literature (e.g. [82] ). But what is really remarkable, is that for any potential, the theory still describes only two degrees of freedom. This can be shown through a canonical analysis [57, 59] , which gives exactly what was anticipated in a previous subsection. The result makes (12) unlike other modifications of general relativity: In actions with a metric tensor as the unique field, modifications require the introduction of higher order diffeomorphism invariants, which in turn carry higher order derivatives, leading in general to extra degrees of freedom [37, 88] . What allows the absence of extra degrees of freedom in this context is the presence of an infinite number of higher derivatives. Indeed, as shown first in [45] and furtherly developed in [58] , the b scalars can be integrated out, order by order in perturbation theory, thus obtaining a theory of the metric alone and with only two degrees of freedom, but at the price of generating an infinite number of higher derivatives terms. Some possible applications of this class of actions, both as modified classical theories of gravity, as grand unified theories, and as quantum mechanical effective theories, are discussed in the literature [56, 58, 60, 61] .
Non-chiral Plebanski action
The Plebanski action can be formulated also using the full Lorentz group SO(3, σ) [28, 36, 80] . In this non-chiral, or covariant, version the fundamental fields are (B IJ , ω IJ ), I = 0, . . . , 3. The key expression (4) for the Urbantke metric can be straightforwardly generalized to this case, but now two possible metrics exist. This is simply a consequence of the fact that the tensor product of three adjoint representations of the algebra admits two singlets. µν and a left-handed g
and σ = ±1 is the spacetime signature. B IJ can be immediately parametrized in terms of these two Urbantke metrics, using the left/right decomposition and applying twice (6) . As the right-and left-handed parts are independent, the two sectors have independent triads and tetrads, say b i a ,b i a and e I µ ,ē I µ . Correspondingly, we have
where the Plebanski 2-forms encode the two metrics g
µν = e I µ e J ν δ IJ and g
µν = ηḡ µν = ηē I µē J ν δ IJ , and we dropped an irrelevant overall sign.
In the previous SU(2) case, the reduction of the 18 components of B to a metric up to an SU(2) rotation required 5 constraints, see (7) . We now have 36 initial components, and 6 internal gauge freedoms. We thus need 20 constraints: 10 to freeze the b andb scalars, and 10 to identify g andḡ into a unique metric. This can be immediately achieved with a covariant version of (8) 
The Lagrange multiplier φ IJKL is by definition symmetric under the exchange of the first and second pair of indices. Since it is also antisymmetric within each pair, this leaves 21 independent components. This is one too many, thus one needs to remove one component if we want twenty constraints. The standard choice in the literature is to take the additional condition IJKL φ IJKL = 0. The multiplier then decomposes into irreducible representations as φ ∈ (2, 0) ⊕ (0, 2) ⊕ (1, 1) ⊕ (0, 0), giving rise to corresponding constraints, known as simplicity constraints. For our purposes, it is sufficient to give an overview of their role, without looking at their explicit form. The five-dimensional self-dual representation (2, 0) is again the constraint (7) for the purely self-dual part of B IJ , thus it freezes the b scalars in (14) . Similarly, the (0, 2) freezes theb. The ten-dimensional constraints in the representations (1, 1) ⊕ (0, 0) impose the coincidence of the tetrads, e I µ ≡ē I µ , by requiring the orthogonality of Σ (+) (e) and Σ (−) (ē). See [87] for details. Finally, the sign η remains free. Hence, the Urbantke metrics coincide up to a sign, g
µν . Plugging this result in (14) , the two sectors η = ±1 give respectively
The theories described by these solutions can be examined simply by looking at the reduced actions for e and ω, which read respectively
where = 1/2 IJ KL . The first action describes a topological theory, with no local degrees of freedom, see e.g. [64] . The second is the Einstein-Cartan action for general relativity. This is how the non-chiral Plebanski action describes gravity. See also [86] for the equivalence at the level of field equations.
With respect to the self-dual action, the non-chiral formulation has the advantage that no additional reality conditions are needed in the Lorentzian case. In fact, although the individual Urbantke metrics (13) are complex when B is real (an i appears in front of the epsilon tensor), the final tetrad (16) is automatically real once the simplicity constraints are imposed. The other important aspect of this formulation is to be related to loop quantum gravity in real variables, as we now review.
Including the Immirzi parameter. The Lagrangians appearing in (17) can be considered in a unique action principle, S = tr[P γ e ∧ e ∧ F (ω)] + 6Λe,
where the coupling constant γ can be identified with the Immirzi parameter of loop quantum gravity, up to a topological term [35] . The Plebanski action (15) can be easily adapted to reduce to (18) . The simplest way to do so is to include the second invariant in the kinetic term of (15), that is make the replacement
Now both solutions (16) give an action like (18) . Alternatively, one can choose the missing component of the Lagrange multiplier to be a linear combination of the two scalars δ IJKL φ IJKL and IJKL φ IJKL . Then (16) is replaced by the unique solution B = P γ e ∧ e, and again an action like (18) is recovered. See [29, 86] for discussions of these alternative cases. For more on the non-chiral Plebanski action, see e.g. [11, 70, 71, 74, 81, 95] . Canonical analysis. The canonical analysis of this theory has again second class constraints, but the analysis is considerably more involved than for the self-dual case. We do not present the details here, rather refer the reader to [5, 26, 95] . Again, the solution of the second class constraints, with or without time gauge, is given by an SU(2) connection, the Ashtekar-Barbero connection [12, 55] . See [6, 14, 32, 51, 54] . This connection depends on the Immirzi parameter, and should be viewed as an auxiliary field, not straightforwardly related to the initial Lorentz group. The resulting theory has the phase space of a non-abelian gauge theory, and marks the starting point of loop quantum gravity [9, 39, 83, 91] 4 . It is interesting to add that canonically, the simplicity constraints can also be given a linear version. This linear formulation is at the root of the new spin foam models [43, 44, 46, 65] .
Recently in [23, 24] , it has also been proposed to approach the second class constraints via a different procedure, known as "gauge unfixing" [7, 53, 69] . That is, one views the second class constraints as the gauge-fixing part of a larger system with only first class constraints. This procedure typically involves a more complicated Hamiltonian, however the results of [23, 24] indicate that interesting new insights can be achieved this way, including a generalization of the loop quantum gravity techniques to higher dimensions and supergravity.
Quantization. The canonical quantization of the action (15), in a non-perturbative and background-independent way, is the program of loop quantum gravity in real variables. The same action is also the typical starting point for spin foam models [75] . The perturbative quantization of (18) has been studied in [17, 18] , bringing to light the renormalization of the Immirzi parameter. Possible roles of the Immirzi parameter have been considered in the coupling to fermions [2, 49, 67, 76] , and in cosmology [21] .
Relaxed constraints and bi-metric theories of gravity. The above discussion highlights the fact that the non-chiral Plebanski action is naturally a theory of two metrics. It is only the presence of the simplicity constraints that forces the two metrics to coincide. One can consider a modification of the theory along the lines of (12) , where the constraints are replaced by a potential for B,
In the absence of constraints, the two Urbantke metrics are independent and dynamical. In this case, extra degrees of freedom can be expected. This was indeed shown in [5] , where a canonical analysis showed that for generic potentials, one has eight degrees of freedom. This was further clarified in [87] , where using (14) and (10), it was shown that the modified Plebanski theory is equivalent to a bi-metric theory of gravity, plus the additional b andb scalars. The interpretation of the eight physical degrees of freedom turned out to be a massless graviton, a massive spin-2 particle, and a scalar 5 . If (19) is extended to include the Immirzi parameter, the mass turns out to depend on it [16] . Interestingly, this is the same spectrum of pure bi-metric theories [34] . That is, one seems to be able to put all the relevant degrees of freedom in the metrics, without the scalars, likewise to the self-dual theory (see discussion in the previous section). On the other hand, the structure of a generic potential, to be built out of scalar invariants of Q IJKL = B IJ ∧B KL , is now much richer. In particular, classes of potentials with lesser than eight degrees of freedom can be identified. These includes for instance Pauli-Fierz mass terms, and simpler scalar-tensor theories. These aspects are investigated in [15, 16] , and we refer the reader to these references for further details, as well as discussions on the different reality conditions possible in the modified context.
Concerning applications, actions of this type can arise as effective descriptions of spin foam models of quantum gravity (e.g. [41] ), and have been also used in grand unified theories, see [63, 85] , where it resonates with similar ideas reviewed in [73] . More in general, bi-metric theories of gravity are interesting in the context of modified theories of gravity [33] .
MacDowell-Mansouri action
A different mechanism is to introduce a tetrad through some components of the connection, as it happens in the Chern-Simons formulation of 2+1 gravity [98] . The specific choice of gauge group depends on the spacetime signature, and on the sign of the cosmological constant one is interested in. In the case of a 4d Lorentzian spacetime, one takes as G the De Sitter group SO(4,1) for Λ > 0, and the anti-de Sitter group SO(3,2) for Λ < 0. For Euclidean signature, the respective choices are SO(5) and SO (4, 1) . To be specific, in the following we will consider Euclidean signature and positive Λ, but the results are easily generalized. Seen as a vector space, the Lie algebra splits as follows,
where the homogeneous space R 4 SO(5)/SO (4) is spanned by the generators of translations. The splitting is orthogonal with respect to the Killing form, and so(4)-invariant. It lets us introduce a tetrad as the vectorial part of the larger connection. To see it, let A αβ be the initial g connection, α = 0, . . . , 4, and let I = 0, . . . , 3. We then introduce the components
5 This identification is made via a perturbative expansion around the "bi-flat" background, gµν = ηµν + hµν , gµν = ηµν +hµν . Then one can consider the following linear combinations, h ± µν = hµν ±hµν . Since h − µν is invariant under diffeomorphisms, its masslessness is no longer protected by the symmetries. A generic potential term in (19) will result in a non-zero mass. Such a field in general propagates 6 degrees of freedom, corresponding to a spin-2 and a spin-0 particle. See [16, 87] for more details.
Here is a constant with dimensions of a length, necessary to give both the tetrad and the connection canonical dimensions. It will turn out to be related to the cosmological constant via 2 = 3/Λ. 6 That is, we view the SO(4) connection and the tetrad as two pieces of a unique g connection, as one does for Chern-Simons gravity in 2+1. A simple calculation gives
The equation F αβ (A) = 0 of BF theory alone thus implies de Sitter spacetime as the unique non-degenerate metric solution. To find all the solutions of general relativity, one needs to break the symmetry down to SO(4). This can be done adding an extra term in the BF action, which introduces a direction in the internal space:
The extra term breaks not only SO (5), but also the shift symmetry (2), thus local degrees of freedom can be expected. Notice that with respect to the previous Plebanski formulation, we are adding here a potential-like term, and not a constraint. Here v α = (0, 0, 0, 0, v), consistently with the identifications (20) . Since the action is quadratic in B, the field can be trivially eliminated using its field equations, without any conditions on the remaining fields ω and e. Substituting back into the action, one obtains
where in the first two terms F is the SO(4) curvature, and the SO(4) Hodge start is embedded in SO(5) via IJKL4 = IJKL . The first term is the MacDowell-Mansouri action for gravity, introduced in [66] independently of the connection with BF theory. The remaining two are topological terms that do not affect the field equations. Hence, (22) provides a BF-like formulation of the MacDowell-Mansouri action. The equivalence with general relativity is then established thanks to the identities (21) . After some simple algebra, one arrives at the form
where the last three terms are the topological invariants Euler, Pontryagin and Nieh-Yan, and the coefficients are given explicitly by
where we identified Λ = 3/ 2 . Up to topological terms 7 , we obtained the Einstein-Cartan action for general relativity. We remark that the action principle has no scale to begin with, only the dimensionless quantities λ and v. A scale, , is introduced when splitting the components of A into connection and tetrad, and it sets the cosmological constant scale. The procedure of splitting the components of the connection into a smaller connection and a tetrad is reminiscent of the Chern-Simons formulation of three-dimensional gravity. However, unlike Chern-Simons, the relevant action principle is not invariant under the initial Lie algebra:
The symmetry is explicitly broken by the selection of a direction in the internal space. Efforts to try to make this dynamical have been discussed e.g. in [89, 93] and [96] . The typical difficulty is that the larger theory in which SO (5) is spontaneously broken possesses extra degrees of freedom, and its stability and unitarity have not been studied. An alternative viewpoint has been put forward in [50] , where it was argued that the BF formulation (22) exhibits a spontaneous symmetry breaking mechanism that comes from integrating in the path integral over the SO(5) gauge degrees of freedom.
Many aspects of this formulation of gravity have been studied in the recent literature. These include symmetry properties [42] , a geometric interpretation of the de Sitter local gauge group [97] , the study of generalized solutions [78] , as well as grand unified theories [62] . Finally, the mechanism can be extended to the SL(5) group [68] .
Quantization. The action (23) looks promising for quantization, given its Yang-Mills form and dimensionless coupling constant. However, the situation is not so simple. In fact, in the naive form (23) in which the symmetry is explicitly broken, the action is de facto equivalent to (24) and quantization stumbles upon the usual difficulties. On the other hand, it was suggested in [50] to take (22) as the starting point, and consider a quantum path integral defined as a "topological" expansion around the BF kinetic term. This idea is quite intriguing, but it is challenged by difficulties with the gauge-fixing procedure: the zeroth order of the expansion has a different symmetry than the successive orders. See also [84] and [31] on this.
Outlook
One of the key difficulties with general relativity is the high non-linearity of its field equations. This complexity is enhanced further in the Einstein-Hilbert action principle, which is non-polynomial in the fundamental field, the metric. To obtain a polynomial action, one has to expand the metric around a fixed background. Then the perturbations can be quantized, but the theory is not renormalizable. An important line of research in quantum gravity imputes this failure to the background-dependent, perturbative methods, and seeks a backgroundindependent formulation. When seeking for alternative approaches, the use of different fundamental variables with simpler actions is a useful guiding principle. In this respect, the relation of general relativity with BF theory appears very promising. The work appeared so far in the literature has unraveled the deepest level of such a classical relation, and introduced new tools and ideas to push forward the investigation of gravity in these variables. These results can be of benefit to approaches such as loop quantum gravity and spin foam models.
